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Abstract
We investigate the radial symmetric compressible continuity and Euler equation with the stiff matter equation of sate
– which is a candidate for the dark fluid – using the self-similar Ansatz. We found parameter sets where, the fluid
density and velocity fields behave with physically desirable asymptotic.
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1. Introduction
The general being and detailed properties of the dark
matter is one of the most stimulating question in astro-
particle physics and cosmology. However, the first hint
for the existence of such materials is by F. Zwicky from
1933 [1], the experimental evidence came more than 40
years later in the ’70s from different groups [2–4]. The
physics of dark matter is an interesting and active re-
search area, which is intensively studied [5–7].
Since Einstein equations have fluid solutions, some of
them are possible candidate for the description of dark
matter. We investigate one of the simplest polytropic
equation of state of the stiff matter, which can be in-
serted into the spherical Euler equation. So far, there is
no general mathematical technique to ascertain all so-
lutions and properties of non-linear partial differential
equations (PDE) or systems, however there are some
methods which give us a glimpse into some kind of so-
lutions. One of the proposed analytic solution method
is the self-similar Ansatz by L. Sedov [8] which usu-
ally provide to evaluate physically reasonable solutions
with dispersive features and with asymptotic power law
decays.
In this paper we investigate a typical dark matter fluid
equation of state, and study the behavior and the phys-
ical relevance of the self-similar, analytical hydrody-
namic solutions for specific cases.
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2. The model
Let’s assume, one-dimensional, spherical symmetric
system, which is described by a compressible continuity
and Euler coupled partial differential equations (PDE)
respectively,
ρt + urρ + uρr +
2uρ
r
= 0,
ut + uur = −1
ρ
pr. (2.1)
Here the subscripts t and r mean the correspond-
ing time- and spatial partial derivatives. Additionally,
ρ(r, t), u(r, t), p(r, t) mean the density, the radial velocity
component and the pressure field distributions, respec-
tively.
To investigate the hydrodynamic properties of the
dark fluid the equation of state (EoS) has the form of
p = −wρn. (2.2)
(Note our notation, we define the negative sign into the
EOS.) Emden [9] was the first who investigated poly-
tropic EOS inside stars at the beginning of the twentieth
century. The physics of various polytropes EOS in
astrophysics can be found in the monograph [10]. The
case of n = 1 is with other name the Chaplygin gas and
the case −1 ≤ n < 0 is the generalized Chaplygin gas,
both are candidate for dark matter fluid [11, 12] . We
will investigate now the n = 1 baritropic EOS or stiff
mater case. For the adiabatic speed of sound we now
automatically get the constant of ∂p
∂ρ
= c2s = w which
is a necessary physical condition. Different numerical
Preprint submitted to Physics of the Dark Universe July 10, 2020
ar
X
iv
:2
00
7.
04
73
3v
1 
 [g
r-q
c] 
 9 
Ju
l 2
02
0
values of the EOS strength w may lead to different dark
matter scenarios as it was outlined by Perkov [13].
For the later understanding of our calculations we give
some examples according to [14, 15]:
• The w = 0 means the EOS for ordinary non-
relativistic ’matter’ (e.g. cold dust)
• w = −1/3 means ultra-relativistic ’radiation’ (in-
cluding neutrinos) an in the very early universe
other particles that later become non-relativistic
• w = 1 is the simples case and describes expanding
universe, hypothetic phantom energy w > 1 would
cause Big Rip
• w , 1 means quintessence as hypothetical fluid
• w = 1/3 is responsible for the flatness of the Big
Bang
• A scalar field φ can be viewed as a sort of perfect
fluid with EOS of w = − 12
dφ2
dt −V(φ)
1
2
dφ2
dt +V(φ)
where dφdt is the
time derivative of φ and V(φ) is the potential en-
ergy. A free (V = 0) scalar field has w = −1 an the
one with vanishing kinetic energy is equivalent to
w = 1. Any EOS in between but not crossing the
w = 1 barrier is known as the Phantom Divide Line
(PDL) [15] is achievable, which make scaler fields
useful models for any phenomena in cosmology.
We want to find and analyze disperse analytic solu-
tions with the application of the well-known self-similar
Ansatz [8, 16, 17] of
V(x, t) = t−α f
( x
tβ
)
:= t−α f (ω), (2.3)
where V(x, t) can be an arbitrary variable of a partial
differential equation (PDE) where t means time and x
means spatial dependence. The function f (ω) is called
the shape function. The similarity exponents α and β
are of primary physical importance since α represents
the rate of decay of the magnitude V(x, t), while β is the
rate of spread (or contraction if β < 0 ) of the space
distribution as time goes on. Solutions with integer ex-
ponents are called self-similar solutions of the first kind
(and sometimes can be obtained from dimensional anal-
ysis of the problem). The above given Ansatz can be
generalized considering real and continuous functions
a(t) and b(t) instead of tα and tβ.
The most powerful result of this Ansatz is the fun-
damental or Gaussian solution of the Fourier heat con-
duction equation (or for Fick’s diffusion equation) with
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Figure 1: A self-similar solution of Eq. (2.3) for t1 < t2. The pre-
sented curves are Gaussians for regular heat conduction.
α = β = 1/2. This transformation is based on the as-
sumption that a self-similar solution exists, i.e., every
physical parameter preserves its shape during the expan-
sion. Self-similar solutions usually describe the asymp-
totic behavior of an unbounded or a far-field problem;
the time t and the space coordinate x appear only in the
combination of f (x/tβ). It means that the existence of
self-similar variables implies the lack of characteristic
length and time scales. These solutions are usually not
unique and do not take into account the initial stage of
the physical expansion process. These kind of solutions
describe the intermediate asymptotic of a problem: they
hold when the precise initial conditions are no longer
important, but before the system has reached its final
steady state. For some systems it can be shown that
the self-similar solution fulfills the source type (Dirac
delta) initial condition, but not in our next case. They
are much simpler than the full solutions and so easier
to understand and study in different regions of parame-
ter space. A final reason for studying them is that they
are solutions of a system of ordinary differential equa-
tions and hence do not suffer the extra inherent numer-
ical problems of the full partial differential equations.
In some cases self-similar solutions helps to understand
diffusion-like properties or the existence of compact
supports of the solution.
In the last decade we successfully applied this Ansatz
for numerous physical systems like heat conduction
[18], non-linear Maxwell equation [19] especially mul-
tidimensional Euler and Navier-Stokes equations [20,
21] or the Madelung-Schro¨dinger quantum fluid equa-
tions [22] ending up with two book chapters of [23] and
[24].
For our cosmic system we apply the following nota-
2
tions for the two shape functions
u = t−α f
( r
tβ
)
, ρ = t−γg
( r
tβ
)
, (2.4)
where the new variable is ω = r/tβ. (To prevent pos-
sible future critiques we must state one thing at this
point: it we want to have proper physical dimensions
– e.g. SI units – for the velocity [m/s] and for the
density [kg/m3] then we have to introduce three ad-
ditional unit value constants a, b and c into 2.4 so
u = a · t−α f
(
r
c·tβ
)
, ρ = b · t−γg
(
r
c·tβ
)
. However, for a
better transparency we neglect them in the following,
because the physical relevance of the study remains the
same.)
Calculating all the first time and spatial derivatives of
(2.4) substituting to (2.1) and using the r = rtβ t
β = ωtβ
relation after some algebra we get the next non-linear
ordinary differential equation (ODE) system
−γg − ωg′ + f g′ + g f ′ + 2g f
ω
= 0,
−ω f ′ + f f ′ = wg
′
g
, (2.5)
where prime means derivation with respect to ω.
For the initially free parameters α, β, γ we got the
following constraints: α = 0, β = 1 and γ is arbi-
trary. This means that both fields the density and the
velocity have the desirable spreading property. How-
ever the final velocity function does not have external
time decay and the time decay of the fluid density can
be arbitrary. These are unusual parameter sets, (for non-
compressible Newtonian fluids all exponents have the
value of +1/2 as the regular diffusion process). We will
see later, that the sign of γ separates the physical and
the unphysical solutions.
After some algebraic manipulation, expressing the
logarithmic derivative of g and equating the first and
second equations of (2.5) we arrive to a final ODE of
f ′( f − ω]2ω + wω) + 2 f w − wγω = 0, (2.6)
which is valid if ω , 0. Note, the remaining two inde-
pendent parameters of γ and w, where different γ values
mean physically different kind of solutions (divergent
or convergent for asymptotic times) and w which scales
the strength of the EOS and could mean different kind
of physics.
We found no physically reasonable analytic solutions
of (2.6) for arbitrary parameters. (Only the γ = w = 0
parameter set can be solved giving the f (ω) = const or
f (ω) = ω solutions, but that means zero EOS and trivial
physics.)
There is a formal solution for the other shape func-
tions as well, namely
g = c1e
∫ −γω2+γω f+2ω f−2 f2
ω(w+ω2+2ω f+ f2)
dω (2.7)
where f0 = f0(ω0) and g0 = g0(ω0) are the two initial
conditions of (2.5)
To understand the physics of the presented model we
have to make a systematic parameter study. There are
four parameter ranges which have to be investigated.
• γ > 0 means, decaying density profile for large
time, and 1 > w > 0 which describes dark matter,
this is the physically relevant most significant case
• γ < 0 the model might have solutions with explod-
ing density profiles for large time, the strength of
the EOS is still 1 > w > 0 valid for model the dark
matter
• γ > 0 means, decaying density profile for large
time which is physically desirable, and w < 0
which describes not the dark matter, but worth to
investigate
• the last case where γ < 0 the model might have
solutions with exploding density profiles for large
time, the strength of the EOS is still w < 0 de-
scribes not the dark matter we just analyze is for
the sake of completeness
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Figure 2: The shape functions f (ω) and g(ω) of Eq. (2.5). The black
lines for γ = 1,w = 1 and the red lines are for γ = 1 and w = 1/4,
respectively. The solid lines represent f (ω) the shape function of the
velocity and the dashed lines stand for g(ω) the density.
First case:
Figure (2) shows the velocity and the density shape
functions for γ = 1 for w = 1 and w = 1/4 as ini-
tial conditions the f (ω = 1) = 1 and g(ω = 1) = 1
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Figure 3: The shape functions f (ω) and g(ω) of Eq. (2.5). The black
lines for γ = 1,w = 1 and the red lines are for γ = 2 and w = 1,
respectively. The solid lines represent f (ω) the shape function of the
velocity and the dashed lines stand for g(ω) the density.
Figure 4: The fluid velocity distribution function for the parameter set
of γ = 1 and w = 1.
values were taken for all the presented calculations and
figures. s Both density shape functions (dashed lines)
have finite initial value in the origin with a local posi-
tive minimum at a larger ω and a flat plateau with a fi-
nite asymptotic value. The smaller the numerical value
of w the larger the asymptotic value of f (ω). Such shape
functions are physically reasonable. The structure of the
velocity shape functions (solid lines) is a little bit more
complex. Both functions are singular in the origin, then
have a local positive minimum (which is independent
of the strength of the EOS w) following a local max-
imum (which is higher for larger w) with a final slight
decrease to the same asymptotic value. Figure (3) shows
the γ dependence of the solutions for the same strength
of the EOS. The global properties and the trends of both
Figure 5: The fluid density distribution function for the parameter set
of γ = 1 and w = 1.
functions remain the same, however the numerical val-
ues of both asymptotics are changed at larger γ. The
larger the γ value - which means quicker time decay for
the final density function - the smaller the asymptotic of
the velocity. For the density shape function the course is
the opposite, the larger the γ value the larger the asymp-
totic value. Finally, investigate the general trends for
positive γ values. Figure (4) shows the shape functions
for γ = w = 1, 1. Both density shape functions goes to
zero. For γ = 1/2 the function goes to zero symptomat-
ically, however for γ = 1 the function becomes zero at
ω = 2.8. The velocity shape functions are still singular
in the origin, have a global minimum than goes to infin-
ity again. Our investigation showed that for γ ≤ 0 the
velocity behaves like lim
ω→∞
γ≤0
f (ω) ∼ ω|γ|. Which means
that γ = 2 is a quadratic divergence.
The global properties of the shape functions are
essential, however the physics is described by the
total solutions of the original PDE (2.1), therefore the
final forms of (2.4) have to be investigated. Figure (4)
shows the fluid velocity distribution u(r, t) for γ = 1
and for w = 1. T For fixed time points the velocity
functions weakly decays at large distances, on the other
side at all non-zero distances the velocity is slowly
approaching a finite velocity value for large times.
These are again reasonable results. Figure 5 presents
the fluid density distribution ρ(r, t) again for γ = 1 and
for w = 1. This figure is more crucial – divergent mass
density distributions – would mean infinite mass an
energy which is more than questionable. The density
distribution has a well defined maximum at a small final
time and space coordinate and a very quick exponential
decay both in time and space. Note, the different range
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of the two figures, which was applied only for a better
understanding.
Case 2:
We analyze now the γ < 0 cases which – as we will see
– gives us divergent solutions. Figure (6) presents both
shape functions for for γ = −1/2, 1. The velocity shape
functions has a local minima and than they diverge. The
density shape functions has a quick decay at small argu-
ments and a long tail at large arguments. Figure 7 shows
the radial velocity field distribution. The general trend
is not much changed, from (4) a slow decay at large dis-
tances at all fixed times, and asymptotic velocity values
for large time points of all non-zero distances. This can
be qualitatively understood from ODE of (2.6) because
the γ dependence appears only in the last linear term.
The radial density distributions is presented on (8).
The physics is dramatically changed, the density ex-
plodes exponentially at all non-zero radial coordinates
to large times. There is a quick radial decay at all non-
zero fixed times, however the radial integral of the den-
sity is divergent as time goes to infinity.
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Figure 6: The shape functions f (ω) and g(ω) of Eq. (2.5). The black
lines for γ = −1/2,w = 1 and the red lines are for γ = −1/2 and
w = 1, respectively. The solid lines represent f (ω) the shape function
of the velocity and the dashed lines stand for g(ω) the density.
Case 3
Now we consider negative EOS strength w < 0 which
does not describe dark matter. Figure (9) shows both
shape functions for different w values There is a dra-
matic changes in both shape functions, due to the strong
non-linearity of the starting ODE system, both functions
are defined only on a finite interval. This property will
have an interesting property which will be seen on the
final distribution functions. The velocity distribution is
presented on Fig. (10). Due to the above mentioned fi-
Figure 7: The fluid velocity distribution function for the parameter set
of γ = −1/2 and w = 1.
Figure 8: The fluid density distribution function for the parameter set
of γ = −1/2 and w = 1. Note, the exponential blow-up for large times.
nite interval domain of f (ω) in is evident that the final
solution is only defined in a narrow stripe of ω = r/t.
This can be interpreted as a traveling wave property.
The fluid itself has definite velocity only in a finite space
for a short period of time as time goes on the fluid sphere
expands to larger and larger radial distances. The same
property is true for the density as well – resented on
Fig. (11). The density starts with an infinite value in
the origin and has a nice decay as time goes by. Note,
that the solution has a slightly wavy structure in the de-
fined domain. The stripe where the density is defined
becomes wider and wider at larger time and space coor-
dinates therefore a velocity of dispersion (or spreading)
can be defined. The domain where the density is defined
is approximately 1 < r/t < 2.
Case4
Now both γ and w are negative. Both shape functions
are presented on Fig. (12). The general properties are
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Figure 9: The shape functions f (ω) and g(ω) of Eq. (2.5). The black
lines for γ = 1,w = −1 and the red lines are for γ = 1 and w = −1/4,
respectively. The solid lines represent f (ω) the shape function of the
velocity and the dashed lines stand for g(ω) the density.
Figure 10: The fluid velocity distribution function for the parameter
set of γ = 1 and w = −1. Note that the velocity has finite values in a
narrow stripe.
very similar to the former case, both shape functions are
defined on a finite interval but the width is now a factor
or 2.5 narrower. The velocity field is very similar to
the former one (10) now presented on (13). The density
field in visible on our last figure 14, contrary to the last
case it has a slight rising property instead of a decay.
As a second small difference the former internal wave
structure is absent.
Lastly, we mention, that we investigated additional
trial functions like spherical traveling-waves f (r ∓ ct)/r
or exponentially decaying waves in time e−τt f (r∓ ct)/r,
however such Ansa¨tze lead to contradictions and gave
no physically reasonable solutions.
Figure 11: The fluid density distribution function for the parameter
set of γ = 1 and w = −1. Note, the finite domain of the solution.
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Figure 12: The shape functions f (ω) and g(ω) of Eq. (2.5). The
black lines for γ = −1,w = −1 and the red lines are for γ = −1
and w = −1/4, respectively. The solid lines represent f (ω) the shape
function of the velocity and the dashed lines stand for g(ω) the density.
Figure 13: The fluid velocity distribution function for the parameter
set of γ = −1 and w = −1. Note that the velocity has finite values in a
narrow stripe.
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Figure 14: The fluid density distribution function for the parameter
set of γ = −1 and w = −1.
3. Summary and outlook
The spherically symmetric compressible Euler equa-
tion with the stiff matter EOS was investigated with the
self-similar Ansatz which is a candidate for dark fluid.
Physically relevant, and well-behaving solutions were
found and analyzed. There are numerous generalization
possible. We plan to investigate hydrodynamical equa-
tions more realistic dark matter EOS like the Chapligin
or the Umami Chapligin model [25], without or with
additional magnetic field or even with thermal contribu-
tions in the near future.
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